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ABSTRACT Uncoveringmechanisms that control the dynamics ofmicrotubules is fundamental for our understanding ofmultiple
cellular processes such as chromosome separation and cell motility. Building on previous theoretical work on the dynamic insta-
bility ofmicrotubules,weproposeherea stochasticmodel that includesall relevant biochemical processes that affect the dynamics
ofmicrotubuleplus-end, namely, thebindingofGTP-boundmonomers, unbindingofGTP-andGDP-boundmonomers,andhydro-
lysis of GTPmonomers. The inclusion of dissociation processes, present in our approach but absent frommany previous studies,
is essential to guarantee the thermodynamic consistency of the model. Our theoretical method allows us to compute all dynamic
properties of microtubules explicitly. Using experimentally determined rates, it is found that the cap size is ~3.6 layers, an estimate
that is compatible with several experimental observations. In the end, our model provides a comprehensive description of the
dynamic instability of microtubules that includes not only the statistics of catastrophes but also the statistics of rescues.
INTRODUCTION
Due to their unusual dynamics, microtubules (MTs) are
involved in key processes of cell functions such as mitosis,
cell morphogenesis, and motility (1). MTs present two main
dynamical behaviors: the treadmilling that involves a flux of
subunits from one polymer end to the other, and is created
by a difference of critical concentrations of the two ends
(2); and the dynamic instability, in which MTs undergo
alternating phases of elongation and rapid shortening (3).
The two behaviors, treadmilling and dynamic instability,
result from an interplay between the polymerization and
the GTP hydrolysis. Despite decades of experimental
work in this field, the precise mechanism of hydrolysis in
microtubules has been controversial for many years.

According to the cap model, a growing microtubule is
stabilized by a cap of unhydrolyzed units at its extremity.
When this cap is lost, the microtubule undergoes a sudden
change to the shrinkage state, a so-called ‘‘catastrophe’’,
whereas the transition from the shrinking state back to poly-
merization is referred to as ‘‘rescue’’. In this view, the MT
dynamics can be described by a two-state model with
prescribed stochastic transitions (4–6). Although many
features of microtubules dynamics can be captured in this
way (7), these early models remain phenomenological,
because of the unknown dependence of the transition rates
between the two states as function of external factors,
such as tubulin concentration or temperature.

To go beyond phenomenological models, it is necessary
to implement in the model all the chemical transitions
occurring at the monomer level. Numerous models based
on this idea have been proposed, which are either contin-
uous (8–10) or discrete (11–15). According to the vectorial
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model, hydrolysis occurs only at the unique interface
between units bound to GTP/ATP and units bound to
GDP/ADP, whereas in the random model, hydrolysis occurs
spontaneously on any unhydrolyzed unit of the filament
leading to a multiplicity of interfaces at a given time.
Between these two limits, models with cooperative hydro-
lysis have been proposed that combine both aspects, such
as for actin (16,17) and for microtubules (9). The idea that
the filament dynamics depends on the mechanism of hydro-
lysis in its interior, or more generally on the internal struc-
ture of the filament, has been recently emphasized and it
has been given the name of ‘‘structural plasticity’’ (18). As
a practical recent illustration of that idea, the dynamical
properties of microtubules can be tuned by incorporating
in them GDP-tubulin in a controlled way (19).

In a different experimental setup, the depolymerization of
actin filaments has been shown very recently to depend on
the phosphate release from the filament, in a manner that
supports the view of a random process of hydrolysis in actin
(20). In microtubules, many experimental facts point toward
a mechanism of hydrolysis that is nonvectorial, but random
or cooperative, as in actin. Studies of the statistics of catas-
trophes (21–23) already provided hints about this many
years ago, but there are now more direct and recent
evidences. The observation of GTP-tubulin remnants inside
a microtubule using a specific antibody (24) is probably one
of the most compelling pieces of evidence. With the devel-
opment of microfluidic devices for biochemical applications
(20), similar experiments probing the internal structure and
the dynamics of single biofilaments are becoming more and
more accessible. Furthermore, it is now possible to record
the dynamics of microtubule plus-ends at nanometer resolu-
tion (25,26), thus allowing, essentially, for detection of the
addition and departure of single tubulin dimers from micro-
tubule ends. In view of all these recent developments, there
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is a clear need to organize all this information on microtu-
bules dynamics with a theoretical model.

Here, we propose a simple discrete one-dimensional
nonequilibrium model, accounting for a range of experi-
mental observations such as the cap size, the dependence of
the catastrophe time versus monomer concentration, and
the delay before a catastrophe after a dilution (21–23). Our
model builds on previous works such as Flyvbjerg et al.
(9), but goes significantly beyond for the following reasons:

1. The model takes the discrete nature of addition and loss
of monomers into account, and can thus describe length
scales up to the monomer size, which is not possible in
continuous models like Flyvbjerg et al. (9). This is a
definitive advantage for predictions of the cap size,
which is typically small.

2. The model incorporates off-rates for GTP- and GDP
tubulin that Flyvbjerg et al. (9) do not have. These
back reactions are required for thermodynamic consis-
tency (27). In particular, they are crucial to explain the
disassembly of microtubules observed below the critical
concentration in Carlier et al. (28) or the nonzero value of
the critical concentration measured in Walker et al. (22).

3. Ourmodel is conceptually simple because it only assumes
random spontaneous hydrolysis unlike some previous
models that used a combination of random and vectorial
hydrolysis (9). Despite this, our model can account for
all the experimental data analyzed in this reference, and
even for more data such as Janson et al. (21), and it is
able to predict the statistics of rescues that has not been
considered in previous models (9,27,29).

4. The model is more tractable analytically than previous
models and for this reason will be easier to generalize
to more complex situations in which microtubule-associ-
ated proteins are present.

In vivo, the dynamics of microtubules is controlled by
a variety of binding proteins, which typically modify the
polymerization process. Here we focus on the physical prin-
ciples that control the dynamic instability of microtubules
in vitro in the absence of any microtubule-associated pro-
teins. At a first glance, our model may look like a crude
caricature of the sophisticated filament structure of microtu-
bules, because it does not include any structural changes on
the protofilaments, which have been included in other
models (30,31). Nevertheless, as we show in this work,
this level of description is quite suitable to capture the essen-
tial features of MT dynamics.
MODEL

GTP hydrolysis is a two-step process: the first step, the GTP
cleavage, produces GDP-Pi and is rapid, whereas the second
step, the release of the phosphate (Pi), leads to GDP-tubulin
and is by comparison much slower, although its precise
value has not been measured.
This suggests that many kinetic features of tubulin poly-
merization can be explained by a simplified model of hydro-
lysis, which takes into account only the second step of
hydrolysis and treats tubulin subunits bound to GTP and
tubulin subunits bound to GDP-Pi as a single specie
(11,14,15). This is the first main assumption that we make
here. Therefore, in this article, what we mean by ‘‘random
hydrolysis’’ is the randomprocess of phosphate release,which
as we argue, controls the dynamic instability of microtubules.

Our second main assumption has to do with the neglect of
the protofilament structure of microtubules. Protofilaments
are likely to be strongly interacting and should experience
mechanical stresses in the MT lattice. We agree that
modeling these effects is important to provide a complete
microscopic picture of the transition from the growing phase
to the shrinking phase, because this transition should
involve protofilament curling near the MT ends (31,32).
Here, we do not account for such effects, because we are
interested in constructing a minimal dynamic model for
microtubules, which would describe in a coarse-grained
way the main aspects of the dynamics of this polymer.

We also assume that the filament contains a single active
end and is in contact with a reservoir of subunits bound to
GTP. The parameters of the model are as in Stukalin and
Kolomeisky (11) and Ranjith et al. (14,15): the rate of addi-
tion of subunits,U, the rate of loss of subunits bound to GTP,
WT, the rate of loss of subunits bound to GDP, WD, and
finally the rate of GTP hydrolysis, r, are assumed to occur
randomly on any unhydrolyzed subunits within the filament.
In Fig. 1, all these possible transitions have been depicted.
We have assumed that all the rates are independent of the
concentration of free GTP subunits C except for the on-
rate (21), which is U ¼ k0c. All the rates of this model
have been determined precisely experimentally except for r.
The values of these rates are given in Table 1. It is important
to point out that the value of the dissociation rate WT

varies according to experimental conditions (33,34). As
shown in Table 1, we estimated the value of this rate to be
close to 24 s�1 in the conditions of Janson et al. (21),
whereas it is close to zero in the experiment of Drechsel
et al. (34). Note that WT is independent of the monomer
concentration but it is a function of the critical concentra-
tion, which is defined as the concentration where association
and dissociation of monomers balance.

As a result of the random hydrolysis, a typical filament
configuration contains many islands of unhydrolyzed
subunits within the filament. The last island containing the
terminal unit is called the ‘‘cap’’.
RESULTS AND DISCUSSION

Nucleotide content of the filament

In this section, we obtain the nucleotide content of the
filament within a mean-field approximation (for earlier
Biophysical Journal 102(6) 1274–1283



T

T

WD

WT

DD

D T DD T T

DD T D T D

U

Ua

b

r

}

N

FIGURE 1 (a) Representation of the various elementary transitions

considered in the model with their corresponding rates, U the on-rate of

GTP-subunits, WT the off-rate of GTP-subunits, WD the off-rate of GDP-

subunits, and r the hydrolysis rate for each unhydrolyzed unit within the

filament. (b) Pattern for a catastrophe with N terminal units in the GDP

state.

1276 Padinhateeri et al.
references on this model, see Stukalin and Kolomeisky (11),
Ranjith et al. (15), and Keiser et al. (35)). We denote by i the
position of a monomer within the filament, from the
terminal unit at i ¼ 1. For a given configuration, we intro-
duce for each subunit i an occupation number ti, such that
ti ¼ 1 if the subunit is bound to GTP and ti ¼ 0 otherwise.
In the reference frame associated with the end of the fila-
ment, the equations for the average occupation number are
for i ¼ 1,

dht1i
dt

¼Uð1� ht1iÞ �WTht1ð1� t2Þi
þWDht2ð1� t1Þi � rht1i;

(1)

and for i > 1,
dhtii
dt

¼Uhti�1 � tii þWTht1ðtiþ1 � tiÞi
þWDhð1� t1Þðtiþ1 � tiÞi � rhtii:

(2)

In a mean-field approach, correlations are neglected, which
means that for any i, j, hti tji is replaced by htiihtji. At

steady state, the left-hand sides of Eqs. 1 and 2 are both
zero, which leads to recursion relations for the htii. Let us
denote htii ¼ q as the probability that the terminal unit is
bound to GTP. The recursion relations have a solution of
the form for i R 1,
TABLE 1 Various rates used in the model and corresponding refer

Description Symbols

Rates for Figs. 1–3 a,

and Figs. 4–8

R

On-rate of T subunits (plus-end) K0 (mM
�1 s�1) 3.2

Off-rate of T subunits (plus-end) WT (s
�1) 24

Off-rate of D subunits (plus-end) WD (s�1) 290

Hydrolysis rate (random model) r (s�1) 0.2

Conditions are that of a low ionic strength buffer. The value used for the rate o
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htiþ1i
htii ¼ b; (3)

where

b ¼ ðU � qðWT þ rÞÞ
ðU � q WTÞ :

Combining Eqs. 1–3, one obtains q explicitly as function of
all the rates as the solution of a cubic equation that is given
in the Appendix of Ranjith et al. (15). The mean filament
velocity (namely the average rate of change of the total fila-
ment length) is given by

v ¼ ðU �WT q�WDð1� qÞÞd; (4)

in terms of the monomer size d. More precisely, in our
model d ¼ 8 nm/13 ¼ 0.6 nm, corresponding to the length
of a tubulin monomer divided by 13, which is the average
number of protofilaments in a microtubule. At the critical
concentration cc, the mean velocity vanishes, which corre-
sponds to the boundary between a phase of bounded growth
for c < cc and a phase of unbounded growth for c > cc (15).
The plot of this velocity versus concentration exhibits a kink
shape near the critical concentration, which is not particu-
larly sensitive to the mechanism of hydrolysis because it
is present both in the vectorial and random model (11,15).
This kink is well known from studies with actin (36) but
has not been studied experimentally with microtubules
except in Carlier et al. (28) in a specific medium containing
glycerol.

The distribution of the nucleotide along the filament
length has a well-defined steady state in the tip reference
frame at arbitrary value of the monomer concentration c.
Using Eq. 3, it follows that htii ¼ bi�1q, and therefore,
the steady-state probability that the cap has exactly a length
l, Pl, is

Pl ¼
�Yl

i¼ 1
htii
�
ð1� htlþ1iÞ:

This leads to the expression

Pl ¼ blðl�1Þ=2 ql
�
1� bl q

�
; (5)

and the corresponding average cap size is
ences

ates for

Fig. 3 b References

3.2 Howard (33)

0 Janson et al. (21); Rate for Fig. 3 b is from Drechsel et al. (34)

290 Howard (33)

0.25

f hydrolysis results from the analysis of this article.
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hli ¼
X
lR1

l Pl ¼
X
lR1

blðl�1Þ=2ql:

In Fig. 2, we show how this average cap size varies as
function of the free tubulin concentration. The average
cap becomes longer than approximatively one subunit above
the critical concentration, cc defined above, and which is ~7
mM for the parameters of Table 1 used here. At concentra-
tions significantly larger than this value, the cap’s average
size increases more slowly, as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pU=2r

p
as U / N

(9,13). In the range of concentration [0:100 mM], the cap
stays smaller than ~47 subunits, which represents only 3.6
layers (or 28 nm). This estimate indicates that the cap is
below optical resolution in the range of tubulin concentra-
tion generally used, which could explain the difficulty for
observing it experimentally.

A long-standing view in the literature is that the cap could
be as small as a single layer, as shown by experiments based
on a chemical detection of the phosphate release (37). This
view has been recently challenged by two experiments, in
which the length fluctuations of microtubules were probed
at the nanoscale (25,26). The interpretation of these experi-
ments still generates debates (38,39); however, in any case,
taken together these studies reported a highly variable MT
plus-end growth behavior, which suggests that the cap size
is a fluctuating quantity, larger than one layer but smaller
than ~5 layers. We note that such a range is compatible
with our prediction and agrees with the estimation obtained
from dilution experiments (23). Furthermore, our stochastic
model naturally incorporates a fluctuating cap size. Even if
the cap is indeed below optical resolution, we note that this
does not rule out the possibility that it could be observed
with the technique of Dimitrov et al. (24).

In Fig. 2, we also compare the predictions of the mean-
field approximation with an exact simulation of the
dynamics. We find that mean-field theory provides an excel-
lent approximation of the exact solution when the free
tubulin concentration is above the critical concentration,
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FIGURE 2 Average cap size in number of subunits as function of the free

tubulin concentration c in mM. The line is the mean-field analytical solution

and (solid squares) are simulation points.
which corresponds to the conditions of most experiments
(21,22). Deviations can be seen between the exact solution
and its mean-field approximation in Fig. 2 but only below
the critical concentration. Many other quantities of interest
follow from the determination of the nucleotide content of
a given subunit, namely htii, such as the length fluctuations
of the filament (15) or the islands distribution of hydrolyzed
or nonhydrolyzed subunits (13,17). These predictions
should prove particularly useful in testing this model against
experiments, because the island distribution of unhydro-
lyzed units or remnants may become accessible in future
experiments similar to that of Dimitrov et al. (24), but
carried out in in vitro conditions.
Frequency of catastrophes and rescues versus
concentration

One difficulty in bridging the gap between a model of the
dynamic instability and experiments lies in a proper defini-
tion of the event that is called a catastrophe, because the
number of reported catastrophes is affected by several factors
depending on the experimental conditions, such as, for
instance, the experimental resolution of the observation (25).

Although a catastrophe manifests itself experimentally as
an abrupt reduction of the total filament length, we choose to
define it from the nucleotide content of the terminal region.
Following closely Brun et al. (29), we define a shrinking
configuration as one in which the last N units of the filament
are all in the GDP state (irrespective of the state of the other
units) as shown in Fig. 1. The remaining configurations
(with an unhydrolyzed cap of any size or when the number
of hydrolyzed subunits at the end is <N) are assumed to
belong to the growing phase. We emphasize that this means
that transitions to a shrinking configuration (i.e., catastro-
phes) occur without the filament having been necessarily
peeled off to its end. This is an important difference with
the model mentioned above (29), which did not include
rescues. Our approach can include rescues and takes into
account the finite rate of loss of GDP units. Another differ-
ence is that the model of Brun et al. (29) corresponds to the
regime of high concentration of free subunits, whereas our
model holds at any concentration—even in the proximity
or below the critical concentration.

To understand the physical meaning of the parameter N,
an analogy with nucleation theory can be helpful. In our
model, N plays the role of the critical nucleus in nucleation
theory, because we are interested here in the ‘‘nucleation’’ of
a catastrophe rather than the nucleation of a filament.

Within the two-state description of the dynamics (with
a growing and a shrinking phase) outlined above and implic-
itly assumed in the analysis of most experiments, the catas-
trophe frequency fc(N) is the inverse of the average time
spent in the growing phase, whereas the rescue frequency
fr(N) is the inverse of the average time spent in the shrinking
phase. It follows that the catastrophe frequency fc(N) can be
Biophysical Journal 102(6) 1274–1283
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obtained as the probability flux out of the growing state
divided by the probability to be in the growing state. For
instance for N ¼ 1, this flux condition is

fcð1Þq ¼ ðWT þ rÞP1 þ r
X
jR2

Pj; (6)

where the terms on the right proportional to P1 correspond
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FIGURE 3 (a) Catastrophe time Tc versus growth velocity for the N ¼ 2

case, with the theoretical prediction (solid line) together with simulation

points (solid squares) and experimental data points taken from Janson

et al. (21) for constrained growth and free growth (solid circles). (Error

bars) Simulation points have been obtained using the block-averaging

method (41). (b) Catastrophe frequency (fcat ¼ 1/Tc) versus velocity: our

mean-field theory result (continuous curve) is compared with experiments

of Drechsel et al. (34) (solid squares with error bars) and theory of Flyvb-

jerg et al. (9) (dotted curve).
to a transition of the terminal unit from the GTP to the
GDP state, which can occur either through hydrolysis or
depolymerization of that unit, while the last term corre-
sponds to hydrolysis of the terminal unit from cap states
of length R 2. We have derived the general expression of
fc(N) in the case of an arbitrary N as shown in the Supporting
Material, and we have checked these results by comparing
them with stochastic simulations using the Gillespie algo-
rithm (40).

In the case of the vectorial model, the last term in Eq. 6 is
absent and the catastrophe frequency is nonzero only below
the critical concentration. The fact that catastrophes are
observed in Janson et al. (21) significantly above the critical
concentration indicates that this data are incompatible with
a vectorial mechanism. For this reason, we only discuss here
the predictions of the random model.

The time between catastrophes, Tc(N) ¼ 1/fc(N) is shown
as function of growth velocity for N ¼ 2 and compared to
the experimental data of Janson et al. (21) in Fig. 3 a and
to the experimental data of Drechsel et al. (34) in Fig. 3 b.
Note that each figure corresponds to a different choice for
the value of the parameter WT as explained in Table 1. In
both cases, we have observed that the experimental data
can be well fitted with our model provided we take N ¼ 2
but not N ¼ 1. The same observation has been made in
Brun et al. (29), where the experimental data (21) have
also been analyzed. We can propose an explanation based
on the analogy mentioned above with nucleation theory. In
classical nucleation theory, it is not possible to consider
a critical nucleus size equal to a monomer, similarly here
the case N ¼ 1 does not make physical sense. From the
same argument, it follows that it is also not very meaningful
to consider catastrophes defined from a high value of N,
because a critical nucleus has to be minimal. Thus the
analogy explains why the choice N ¼ 2 is the most pertinent
one to analyze experiments.

In Fig. 3 b, we have shown the prediction from our model
together with that from Flyvbjerg et al. (9). This comparison
shows that the prediction deduced from this reference has
a sharp increase around a value of growth velocity of
0.3 mm/min, which is not clearly present in the experimental
data and in our model. Furthermore, the value obtained for
the hydrolysis rate is similar between the two experiments
of Fig. 3, a and b, in both cases r 2 0.3 s�1. This value is
also close to the estimate r 2 0.3 s�1 obtained in Piette
et al. (27) through a fit of dilution experiments, discussed
in the next section.
Biophysical Journal 102(6) 1274–1283
We also show the distribution of catastrophe times calcu-
lated with the parameters given in Table 1, for N ¼ 2 in
Fig. 4. These distributions are nonexponential, but the
peak in the distribution occurs at a very small time, so
that, in practice, in the conditions of the observations of
Janson et al. (21) with free filaments, the distribution will
appear exponential as found experimentally.

Another advantage of our model is that it can explain
other aspects of the dynamic instability of microtubules
that were not considered in previous models such as those
of Flyvbjerg et al. (9) and Brun et al. (29). Specifically, it
also allows us to predict the statistics of rescue events
when the polymer switches from the shrinking phase back
into the growing phase. Assuming that the system reached
a steady-state behavior, the frequency of rescues fr(N) can
be calculated using flux conditions similar to the ones
used to obtain fc(N) (see the Supporting Material for more
details). The corresponding expression is rather simple
and it can be written as

frðNÞ ¼ U þWD bN q: (7)
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We have carried out a complete numerical test of this
expression of the frequency of rescues using stochastic
4

6

8

F
 2

  (t
)

simulations, which is shown later in Fig. 8. In the conditions
of this figure, the filaments are sufficiently long and thus
they do not collapse before rescue events occur. The theoret-
ical mean-field predictions agree well with the simulations
at concentrations of free monomers larger than the critical
concentration. Deviations are observed at low concentra-
tions near the critical concentration, in a way that has simi-
larities with the deviations observed in Fig. 2.

Our model predicts that rescues should be observable
under typical cellular conditions and in experiments.
However, surprisingly there is a very limited experimental
information on rescues. The analysis of Eq. 7 might shed
some light on this issue. At low concentrations of GTP
monomers in the solution, when the rate U is small, the
average time before the rescue event, Tr x 1/U, might be
very large. As a result, it might not be observable in exper-
iments because the polymer with L monomers could depo-
lymerize faster (Tcollapse x L/WD) before any rescue event
could take place. At large U, rescues are more frequent
given that the polymer is in the shrinking state. However,
frequency of the catastrophes is very small under these
conditions, and the microtubule is almost always in the
growing phase. Therefore, in these conditions, rescues are
not observed (21).
0,1
Time (s)

2

FIGURE 5 Distributions of the first passage time of the cap for an initial

cap of k ¼ 2 units, F2(t) as function of the time t, for various initial concen-

tration of free monomers. (Solid lines) Theoretical predictions deduced

from Eq. 16 of the Appendix after numerically inverting the Laplace trans-

form. (Symbols) Simulations. (Circles) Dilution into a medium with no free

monomers; (squares) dilution into a medium with a concentration of free

monomers of 2 mM; (diamonds) 5 mM; and (triangles) 9 mM.
First passage time of the cap and dilution
experiments

The first passage time of the cap is a key quantity to under-
stand the statistics of catastrophes and the dilution experi-
ments. Let us define Fk(t) as the distribution of the first
passage time Tk for an initial condition corresponding to
a cap of length k, and a filament in contact with a medium
of arbitrary concentration. As shown in Appendix, one can
calculate analytically Fk(t), by a method recently used in
the context of polymer translocation (42). After numerically
inverting the Laplace transform of Fk(t), one obtains the
distribution Fk(t), which is shown as solid lines in Fig. 5
for the particular case of k¼ 2. As can be seen in this figure,
the predicted distributions agree very well with the results
obtained from the stochastic simulation in this case.

From the distribution Fk(t) we obtain its first moment, the
mean first-passage time of the cap hT(k)i. We find that

hTðkÞi ¼
Xk�1

j¼ 0

y j Jnþjþ1ðyÞffiffiffiffiffiffiffiffiffiffiffi
U WT

p
JnðyÞ � U Jnþ1ðyÞ

; (8)
where ffiffiffiffiffiffiffiffiffiffiffiffiffip ffiffiffiffiffiffiffiffiffiffiffip

y ¼ WT=U; y ¼ 2 U WT=r; and n ¼ ðU þWTÞ=r;
and the functions Jn(y) are Bessel functions. The depen-

dence of hT(k)i as a function of the initial size of the cap
k is shown in Fig. 6: at small k, hT(k)i is essentially linear
in k as would be expected at all k in the vectorial model
of hydrolysis (14), whereas here it saturates at large values
of k (the value of this plateau can be calculated analytically
but only for U ¼ 0, see Appendix). To understand this satu-
ration, consider a cap that is initially infinitively large, then
after a time of order 1/r, the cap abruptly becomes of a finite
much smaller size as a result of the hydrolysis of one unit at
a random position within the filament. This feature will
always happen irrespective of the monomer concentration,
and indeed in Fig. 6, hT(k)i has a plateau for k / N for
all values of the monomer concentration. We note that
such a behavior of hT(k)i as function of k has similarities
with the case of noncompact exploration investigated in
Condamin et al. (43), whereas the vectorial model of
Biophysical Journal 102(6) 1274–1283
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hydrolysis would correspond in the language of this refer-
ence to the case of compact exploration.

Let us now turn to a practical use of this quantity for
understanding dilution experiments. In these experiments,
the concentration of free tubulin is abruptly reduced to
a small value, resulting in catastrophes within seconds,
independent of the initial concentration (23,44). This
observation is an evidence that the cap is short and inde-
pendent of the initial concentration. The idea that the cap
is short is also supported by the observation that cutting
the end of a microtubule typically with a laser results in
catastrophe. As we shall see below, all these well-known
experimental facts about microtubules can be explained
by our model.

For simplicity, we illustrate the method with the defini-
tion of catastrophe introduced in the previous section for
N ¼ 1, which means that a catastrophe starts as soon as
the cap has disappeared. As shown in the previous section,
the method could be extended to the more general case of
an arbitrary N. The characteristic time observed in dilution
experiments, Tdilution, is a special average over hT(k)i.
More precisely, let us denote hT(k)ipost as the first passage
time in postdilution conditions given that the initial length
of the cap is k. The delay time before catastrophe Tdilution
is then the average of hT(k)ipost with respect to the steady-
state probability distribution of the initial conditions before
the dilution occurs. In other words,

Tdilution ¼
X
k

hTðkÞipost PkðpredilutionÞ; (9)

where Pk(predilution) is the stationary probability given in
Eq. 5 in predilution conditions.
tubulin concentration is zero. (Solid line) Mean-field prediction based on

Eq. 9; (symbols) simulation points. As found experimentally, the delay

time is essentially independent of the concentration of tubulin in the predi-

lution state, and the time to observe the first catastrophe is of the order of

seconds or less.
In the case that the final medium after dilution is very
dilute, one can assume that the final free tubulin concentra-
tion is zero, which allows us to simplify significantly
Eq. 8 as explained in the Appendix. Using Eq. 9, one obtains
Biophysical Journal 102(6) 1274–1283
the delay time before first catastrophe for the parameters of
the Table 1 that is shown in Fig. 7. The figure confirms
that the delay time can be as short as a fraction of seconds
in this case. It is straightforward to extend this calculation
to the case of an arbitrary value of the postdilution
medium (i.e., for the case of a dilution of arbitrary strength)
using Eq. 8. As the amplitude of the dilution is reduced
(by increasing the postdilution concentration), the delay
time increases as well but the general sigmoidal shape
remains, with in particular a plateau at concentrations above-
the critical concentration. The presence of these plateaux
means that the delay time is essentially independent of the
concentration of the monomers in predilution conditions as
observed experimentally. It is satisfying to see that the deter-
mination of the hydrolysis rate from the catastrophe frequen-
cies is close to the value obtained through a fit of dilution
experiments as done in Piette et al. (27). Thus, complemen-
tary and consistent information can be obtained from the
statistics of catastrophes and from dilution times.
CONCLUSION

In this work, we have constructed a model of microtubule
dynamics that only includes the random spontaneous phos-
phate release within the filament. Despite its simplicity in
the description of the hydrolysis process, the model is
very rich and can account for many aspects of microtubule
dynamics, such as the mean catastrophe time and its distri-
bution or the delays after a dilution. We have also investi-
gated much less studied aspects concerning the cap size,
the role of the definition of catastrophes (via the parameter
N), the first passage time of the cap, and the statistics of
rescues.

The theoretical model and ideas presented in this article
for microtubules could also apply to other biofilaments
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such as actin or Par-M, for which the random hydrolysis
model may be relevant as well. In fact, a very recent exper-
imental study (20) confirmed the pertinence of random
hydrolysis for actin. Furthermore, the model could be
extended to include the dynamics of the minus-end as in
Ranjith et al. (15), or to investigate, for instance, the unex-
pected stability of the minus-end reported in (45).

Finally, although the model describes a priori only single
free filaments dynamics, it is also potentially useful for
understanding constrained filaments, in the broader context
of force generation and force regulation by ensembles of
biofilaments. For this reason, it would be interesting to study
extensions of the model to account for the various effects of
microtubule-associated proteins on microtubules, which
should shed light on the behavior of microtubules in more
realistic biological conditions. We hope that this theoretical
work will stimulate further experimental and theoretical
studies of these questions.

While our paper was under review, we came across
a new work by Gardner et al. (46), which provides new,
interesting insights into the dynamics of single microtubule
filament.
APPENDIX: A DISTRIBUTION OF FIRST PASSAGE
TIME OF THE CAP IN THE RANDOM MODEL

Let us denote by Fk(t) the probability distribution of the first passage time of

the GTP-tip (also called ‘‘cap’’ in the main text), for a cap that is initially of

length k. This quantity obeys the following backward master equation, for

kR1,

vFk

vt
¼UðFkþ1 � FkÞ þWTðFk�1 � FkÞ

þ r

 Xk�1

j¼ 0

Fj � k Fk

!
:

(10)

These equations are supplemented by the boundary condition F0(t) ¼ d(t).

We will assume that the random walk followed by the cap is recurrent,
which means here that the disappearance of the cap is certain, whatever

the time it takes. That condition means that for all k R 0,Z N

0

FkðtÞ dt ¼ 1:

We will make use of the Laplace transform of Fk(t) defined by

~FkðsÞ ¼
Z N

0

e�stFkðtÞ dt:

With this definition, the equations above take the following form, again for

k R 1,

ðsþWT þ krþ UÞ ~Fk ¼ U ~Fkþ1þWT
~Fk�1þr

Xk�1

j¼ 0

~Fj; (11)

with the conditions ~F0ðsÞ ¼ 1 and for all k R 0, ~Fkðs ¼ 0Þ ¼ 1, which

follows from the normalization condition and the definition of the Laplace

transform above.

For the applications of this first passage time distribution to dilution

experiments, we are interested mainly in calculating it using postdilution

conditions. In the case of a dilution, the concentration of the free monomers

after dilution is, in general, small. Let us discuss separately the particular

case where the concentration of the medium after dilution is zero in which

case U ¼ 0, and the general case of a dilution into a medium of prescribed

concentration corresponding to U s 0.
Particular case of U ¼ 0

In this particular case, the recursion equations given in Eq. 11 are easy to

solve. The solution is

~FkðsÞ ¼ 1� s

sþWT þ r

 
1þ
Xk�1

m¼ 1

Ym
j¼ 1

WT

sþWT þ ðj þ 1Þr

!

(12)

for kR 1, with the convention that a sum over an index that ends at 0 is void.

Themeanfirst-passage timeT(k), is thefirstmoment ofFk(t), and thus satisfies

�d ~Fk
hTðkÞi ¼
d ss¼ 0

:

It follows that for k R 1,  !

hTðkÞi ¼ 1

WT þ r
1þ

Xk�1

m¼ 1

Ym
j¼ 1

WT

WT þ ðj þ 1Þr : (13)

In this particular case ofU¼ 0, it is possible to derive an asymptotic form of

this mean first-passage time for k / N, namely hTi ¼ limk/N hT(k)i.
Indeed in this case, the sum can be written in terms of hypergeometric

functions (13,47), and it reads

hTi ¼ 1

WT þ r
F

�
1;
WT

r
þ 2;

WT

r

�
:

The expression of the mean first-passage time given in Eq. 13 can be used to

obtain the delay before the appearance of the first catastrophe, as explained

in the main text. In this case, we find
Biophysical Journal 102(6) 1274–1283
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Tdilution ¼
X
kR1

Dkb
kðk�1Þ=2qk;

where

Dk ¼ 1

WT þ r

Yk�1

j¼ 1

WT

WT þ ðj þ 1Þr:

This dilution time is shown in Fig. 7 of the main text.
General case of U s 0

The solution to this general case is more involved but it can be

obtained using Bessel functions (for a solution of a similar recursion, see

Krapivsky and Mallick (42)). In a first step, we transform the recursion

of Eq. 11 using the difference variable Kk ðsÞ ¼ ~Fk ðsÞ � ~Fkþ1 ðsÞ, which
leads to

ðsþWT þðk þ 1Þ r þ UÞKkðsÞ ¼ U Kkþ1ðsÞþWT Kk�1ðsÞ:
(14)

Then, we introduce the change of variable Kk(s) ¼ ykgk(s), and we choose

y ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
WT=U

p
in such a way that Eq. 14 takes the simpler form

gkþ1ðsÞ þ gk�1ðsÞ ¼ sþ U þWT þ ðk þ 1Þrffiffiffiffiffiffiffiffiffiffiffi
U WT

p gkðsÞ: (15)

The solution to this equation can be obtained by comparing with the well-

known identity

Jnþ1ðxÞ þ Jn�1ðxÞ ¼ 2 n

x
JnðxÞ;

for Bessel functions. Thus, the solution has the form
gkðsÞ ¼ C JðsþUþWTþðkþ1Þ rÞ=rðyÞ; (16)

where C is a constant and y ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U WT=r

p
. The boundary condition given

above for ~F0ðsÞ leads to the following condition that fixes the constant C. In
the end, one obtains

gkðsÞ ¼ s JðsþUþWTþðkþ1ÞrÞ=rðyÞ
�U JðsþUþWTþrÞ=rðyÞ þ

ffiffiffiffiffiffiffiffiffiffiffi
U WT

p
JðsþUþWT Þ=rðyÞ

;

(17)

which satisfies, in addition, the required condition at s ¼ 0, namely

that for all k R 0, gk(s ¼ 0) ¼ 0. With this expression, one obtains

the Laplace transform of the first passage distribution of the cap, ~Fk ðsÞ,
from

~FkðsÞ ¼ 1�
Xk�1

j¼ 0

y j gjðsÞ: (18)

Although it is not immediately apparent, it can be checked that the partic-

ular case discussed above is indeed recovered by taking the limit U/ 0 of

the general case. After using hT ðkÞi ¼ �d ~Fk=d ss¼0 together with Eq. 18,

one obtains the general expression for the mean first-passage time of the cap

hT(k)i given in the main text, which reads
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hTðkÞi ¼
Xk�1

j¼ 0

y j Jnþjþ1ðyÞffiffiffiffiffiffiffiffiffiffiffi
U WT

p
JnðyÞ � U Jnþ1ðyÞ

; (19)

where n ¼ ðU þWTÞ=r.
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